On a Conjecture of Mahowald on the Cohomology of Finite Sub-Hopf
  algebras of the Steenrod Algebra by Shick, Paul
ar
X
iv
:1
90
5.
02
62
5v
1 
 [m
ath
.A
T]
  7
 M
ay
 20
19
ON A CONJECTURE OF MAHOWALD ON THE COHOMOLOGY
OF FINITE SUB-HOPF ALGEBRAS OF THE STEENROD
ALGEBRA
PAUL SHICK
May 8, 2019
Mahowald’s conjecture arose as part of a program attempting to view chromatic
phenomena in stable homotopy theory through the lens of the classical Adams
spectral sequence. The conjecture predicts the existence of nonzero classes in the
cohomology of the finite sub-Hopf algebras A(n) of the mod 2 Steenrod algebra
that correspond to generators in the homotopy rings of certain periodic spectra.
The purpose of this note is to present a proof of the conjecture.
1. Introduction and Statement of Results
To provide some context for the conjecture, here’s a brief summary of what has
been known about how elements that detect periodic phenomena appear in the
cohomology of finite Hopf-subalgebras of the Steenrod algebra.
Let A(n) denote the finite subHopf algebra of the Steenrod algebra generated by
Sq0, Sq1, . . . , Sq2
n
if p = 2 and by
β, P 1, . . . , P p
n−1
,
if p odd. Let E(n) = E(Q0, Q1, . . . , Qn) denote the subalgebra of A(n) gener-
ated by the Milnor generators. Since the Johnson-Wilson spectrum BP 〈n〉 has
H∗(BP 〈n〉;Fp) = A//E(n), we can calculate π∗(BP 〈n〉
∧) from the classical Adams
spectral sequence:
Es,t2 = Ext
s,t
A (H
∗(BP 〈n〉),Fp)
= Exts,tA (A//E(n),Fp)
∼= ExtE(n)(Fp,Fp)
∼= Fp[q0, q1, . . . , qn].
We observe that E2 = E∞, since the generators are concentrated in even degrees,
and
π∗(BP 〈n〉
∧) ∼= Z(p)[v1, . . . , vn],
where |vi| = 2p
i − 2 (and the generators are in Adams filtration 1). We hereafter
denote the generators of ExtE(n)(Fp,Fp) by vi, for i ≥ 0. The inclusion
i : E(n) →֒ A(n) induces the restriction homomorphism in cohomology
i∗ : ExtA(n)(Fp,Fp)→ ExtE(n)(Fp,Fp).
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When one attempts to understand chromatic phenomena via the classical Adams
spectral sequence, odd primes are easier to handle than the p = 2 case, as demon-
strated by the following result from [12] (although work on the prime 2 case was
done first).
Theorem 1. For p any odd prime, there are classes defined and nonzero in
ExtA(n)(Fp,Fp) that form a polynomial subalgebra:
Fp[v0, v
pn
1 , v
pn−1
2 , . . . , v
p
n] ⊂ ExtA(n)(Fp,Fp),
where the generators restrict to the obvious classes in H∗(E(n)).
The proof uses a careful analysis of the Cartan-Eilenberg spectral sequence for
the extension of Hopf algebras
Fp → P (n)→ A(n)∗ → En → Fp
where P (n) is the truncated polynomial algebra on the ξis and En is the exterior
algebra on the τis. The spectral sequence collapses for odd primes, as one can see
by filtering the dual Steenrod algebra by the number of τs. This allows one to move
directly from understanding the coaction on the cohomology of En to seeing the
appropriate classes in ExtA(n)(Fp,Fp).
For the prime 2, the situation is more difficult, but there were partial results
available ([7]):
Theorem 2. There are classes defined and nonzero in ExtA(n)(F2,F2) that form a
polynomial subalgebra
F2[v0, v
N1
1 , v
N2
2 , . . . , v
Nn
n ] ⊂ ExtA(n)(F2,F2),
where the generators restrict to the obvious classes in H∗(E(n)).
The proof uses results of Lin [6] and Wilkerson [15] that show that the restric-
tion homomorphism i∗ is onto in infinitely many positive degrees. Note that this
argument defines these generators vNii only as cosets for p = 2 and 1 ≤ i ≤ n− 1.
The top class was explicitly identified as v2
n+1
n and shown to be a non-zero divi-
sor in the cohomology ring ExtA(n)(F2,F2), using a spectral sequence based on a
Koszul-type resolution of A(n)//A(n − 1). This spectral sequence first appeared
in [5] and was referred to as the “Koszul spectral sequence” in [7]. It has recently
been rechristened as the Davis-Mahowald spectral sequence by Bruner, Rognes and
their coworkers in [3] and [11].
The exponents of the lower vis have been more mysterious. Low dimensional
calculations led to the following conjecture, the proof of which is the goal of this
note.
Conjecture 3. For any natural numbers n and k, the class v2
n+1+k
n is defined and
nonzero in ExtA(j)(F2,F2) for all j = n, n+ 1, . . . , 2n+ k.
This conjecture is originally due to Mahowald around 1980, although it first
appeared in print in [7]. Note that the conjecture predicts that v2
n+1+k
n is nonzero
in the cohomology of A(j) for the largest possible j: If v2
n+1+k
n is defined and nonzero
in ExtA(j)(F2,F2) for j > 2n+k, then the class would persist to ExtA(F2,F2) by the
Adams Approximation Theorem [1]. This class would then be a permanent cycle
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in the classical Adams spectral sequence for the homotopy ring of the (2-complete)
sphere, persisting to a nonnilpotent element in π0((S
0)∧), contradicting Nishida’s
Theorem [8].
For those who prefer lists, the main theorem can be restated as: For any natural
number n, we have
F2[v0, v
22n
1 , v
22n−1
2 , v
22n−2
3 , . . . , v
2n+1
n , v
2n+2
n+1 , v
2n+3
n+2 , . . . , v
22n+1
2n ] ⊂ ExtA(2n)(F2,F2)
and
F2[v0, v
22n+1
1 , v
22n
2 , v
22n−1
3 , . . . , v
2n+2
n , v
2n+2
n+1 , v
2n+3
n+2 , . . . , v
22n+2
2n+1 ] ⊂ ExtA(2n+1)(F2,F2).
The proof of the conjecture presented here is inductive, using as its main tools
the Davis-Mahowald spectral sequence and the classical May spectral sequence
(augmented by Nakamura’s squaring operations [9]).
A very different approach to the conjecture can be found in chapter 5 of Singer’s
monograph [13]. He considers the Cartan-Eilenberg spectral sequence for the 2-
primary extension of Hopf algebras
E(n)→ A(n)→ DA(n− 1),
whereDA(n− 1) has algebra and coalgebra structures identical to A(n−1) but with
the gradings doubled. This Cartan-Eilenberg spectral sequence for the cohomology
of A(n) fails to collapse for the prime 2, so one needs to look closely at the (right)
action of DA(n− 1) on ExtE(n)(F2,F2) ∼= F2[v0, v1, v2, . . . ] :
vkD(Sq
2i
) =
{
vk−1 if k = i− 1;
0 otherwise.
One then needs to compute the image of the restriction homomorphism
ExtA(n)(F2,F2)→
(
ExtE(n)(F2,F2)
)DA(n−1)
.
Singer observes that the lowest power of vk invariant under the coaction ofDA(n− 1)
is v2
n+1−k
k , exactly the lowest power predicted to live in the cohomology of A(n)
by Conjecture 3. He suggests that a careful analysis of this Cartan-Eilenberg spec-
tral sequence will likely shed light on the conjecture and other questions about the
cohomology of finite Hopf-subalgebras of the mod 2 Steenrod algebra.
It is a pleasure to acknowledge helpful suggestions from John Rognes and Doug
Ravenel that have improved the exposition. The author is especially grateful to
Mark Mahowald, whose profound insights opened up this area of inquiry.
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2. The Davis-Mahowald Spectral Sequence
The two main tools used in the proof of the conjecture are the now-classical May
spectral sequence and the spectral sequence developed by Davis and Mahowald
in their study of ExtA(2)(Pk,F2), [5]. Because the May spectral sequence is so
ubiquitous, there’s no need to include details about its construction here. We note,
however, that we’ll use the more modern notation for classes in the May spectral
sequence, found in such sources as [10]. We provide some basic information on the
construction of the Davis-Mahowald spectral sequence, based on their variant of
the Koszul resolution. The following material is based on presentations in [5] and
[7], augmented by Rognes’ later work in [11].
The idea, originally due to Davis and Mahowald, is to use a sort of “sideways”
version of the traditional Koszul resolution to allow one to compute ExtA(n)(M,F2)
if one understands ExtA(n−1)(M⊗N,F2) for certain A(n−1)-modules N. We begin
by observing that (at the prime 2) the dual Steenrod algebra
A∗ ∼= F2[ξ1, ξ2, . . . ]
is both a left and right module over A, with total squaring operation given by
Sq(ξi) = ξi + ξ
2
i−1
and
ξiSq = ξi + ξi−1.
Let
En := E(ζ
2n
1 , ζ
2n−1
2 , . . . , ζn+1)
be the right A-module given by
ζ2
k
n−j+1Sq
2k = ζ2
k+1
n−j
and
ζ2
n
1 Sq
2n = 1,
extended by the Cartan formula, where ζi = χ(ξi). Then
En ∼= (A(n) ⊗A(n−1) F2)
∗
as right A(n)-coalgebras. (Note that En is an A(n)-module, but not an A(n + 1)-
module, because of the Adem relations. One should also note that En is dual to
the subalgebra E(n) ⊂ A(n).) For each n, let
R = R(n) = F2[ζ
2n
1 , ζ
2n−1
2 , . . . , ζn+1]
with the same A-action. For each σ ≥ 0, let Rσ = Rσ(n) denote the sub vector
space of R spanned by homogeneous polynomials of degree σ. Here are pictures of
the first few R1(n)s:
ζ2 ◦
Sq1
ζ21 ◦
Figure 1. R1(1)
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ζ3 ◦
Sq1
ζ22 ◦
Sq2
ζ41 ◦
Figure 2. R1(2)
ζ4 ◦
Sq1
ζ23 ◦
Sq2
ζ42 ◦ ED
BC
Sq4
ζ81 ◦
Figure 3. R1(3)
For future reference, we also include diagrams of the exterior algebras:
ζ21ζ2 ◦
Sq2
ζ2 ◦
Sq1
ζ21 ◦
Sq2
1 ◦
Figure 4. E(1) ∼= (A(1)//A(0))∗
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ζ41 ζ
2
2 ζ2 ◦ ED
BC
Sq4
ζ22 ζ3 ◦
Sq2
ζ41 ζ3 ◦
Sq1GF
@A
Sq4
ζ41 ζ
2
2 ◦ ED
BC
Sq4
ζ3 ◦
Sq1
ζ22 ◦
Sq2
ζ41 ◦ ED
BC
Sq4
1 ◦
Figure 5. E(2) ∼= (A(2)//A(1))∗
Then for every n we have the following sequence:
0→ F2 → En ⊗R
0(n)→ En ⊗R
1(n)→ · · ·
with the maps given by
δ[(x1x2 . . . xr)⊗ p] =
r∑
j=1
(x1 . . . x̂j . . . xr)⊗ xjp.
This sequence is exact (by the standard Koszul resolution argument) and is dual to
0←− F2 ←− A(n)⊗A(n−1) (R
0(n))∗ ←− A(n)⊗A(n−1) (R
1(n))∗ ←− · · ·(1)
Given an A(n)-module M , apply the functor ExtA(n)(− ,F2) to the resolution
above, tensored with M . We obtain a spectral sequence
Eσ,s,t1 = Ext
s−σ,t
A(n−1)((R
σ(n))∗ ⊗M,F2) =⇒ Ext
s,t
A(n)(M,F2).
Note that the homomorphisms in the resolution are given by A(n)-module maps
which are not extended A(n− 1)-module maps. Thus d1-differentials in the Davis-
Mahowald spectral sequence are induced by the Sq2
n
-action in Rσ(n)∗ ⊗M .
As an (easy and familiar) example, we’ll use this Davis-Mahowald spectral se-
quence to compute ExtA(1)(F2,F2), the E2 term of the classical Adams spectral
sequence for bo∗. Here we use as our starting point the fact that the dual of
A(1)//A(0) is isomorphic to E1 = E(ξ
2
1 , ξ2) as A(1)-coalgebras. Note that the
gradings are quite important here: ξ21 is in dimension 2 and ξ2 is in dimension 3.
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We set up the Koszul resolution of (1) in the n = 1 case, then apply the func-
tor Ext∗,∗
A(1)(− ,F2), obtaining the Davis-Mahowald spectral sequence. Here the E1
term consists of ExtA(0)s, with the d1-differentials induced by the Sq
2-action on
the Rσs (not the Sq1 action). A picture of the E1 term follows, in the standard
(t− s, s) chart form, with the σ-filtration of the classes labeled appropriately.
4 8 12
4
8
0
0
1
2 2
3 3
4 4 4
5 5 5
6 6 6 6
7 7 7
8 8 8
Now we need to sort out the differentials in the Davis-Mahowald spectral se-
quence. Since d1 : E
σ,s,t
1 → E
σ+1,s+2,t
1 (i.e., one up and one to the left on the chart),
we see a potential d1 from the second filtration 2 class to the first filtration 3 class.
To check whether or not this is nonzero, we need to look at the homomorphism
A(1)//A(0)⊗R2(1)∗
δ∗2←−A(1)//A(0)⊗R3(1)∗,
dual to
E(1)⊗R2
δ2−→E(1)⊗R3.
For any class p ∈ R2, we see that
δ2(1⊗ p) = 0
δ2(ζ
2
1 ⊗ p) = 1⊗ ζ
2
1p
δ2(ζ2 ⊗ p) = 1⊗ ζ2p
δ2(ζ
2
1 ζ2 ⊗ p) = ζ
2
1 ⊗ ζ2p+ ζ2 ⊗ ζ
2
1p.
To see which polynomials p yield a nonzero d1, we look at the action of Sq
2 on p.
Since ζ41Sq
2 = 0 and ζ21 ζ2Sq
2 = 0, the classes spawned by these in Ext will have
zero d1s. But ζ
2
2Sq
2 = ζ41 , so that the class this gives in Ext (the second filtration
2 class) must hit the first filtration 3 class.
This sort of reasoning establishes all of the d1s in the following picture:
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4 8 12
4
8
0
0
1
2 2
3 3
4 4 4
5 5 5
6 6 6 6
7 7 7
8 8 8
This leaves the expected picture for ExtA(1)(F2,F2).
The Davis-Mahowald spectral sequence gives an easy proof that v2
n+1
n is defined
and nonzero in Ext
2n+1,2n+1(2n+1−1)
A(n) (F2,F2), which we outline here. We note that
the top class in R2
n+1
(n) is ζ2
n+1
n+1 , which “splits off” because A(n) acts trivially
on it, yielding the desired class in H∗A(n). The resulting short exact sequence of
A(n)-modules yields a splitting of the Koszul-type resolution, so the corresponding
class in Ext is a nonzero-divisor in the cohomology ring H∗A(n). See [7] for details.
In [11], Rognes follows up on the work of Davis and Mahowald to fill in all
the details for the computation of ExtA(2)(F2,F2), the E2-term of the classical
Adams spectral sequence for π∗(tmf). One of his very useful observations is that
the Davis-Mahowald spectral sequence for the cocommutative Hopf algebras A(n)
is multiplicative, which we’ll exploit in the proof of the conjecture.
3. Strategy of the proof
Now we outline the proof of the conjecture. First, as a notational shortcut, the
phrase y ∈ ExtA(k)(F2,F2) should be read as “the class y is defined and nonzero in
ExtA(k)(F2,F2).”
We begin with a simple observation:
Lemma 4. If vkj ∈ ExtA(m)(F2,F2), then v
k
j ∈ ExtA(i)(F2,F2) for i = j, j+1, . . . ,m.
Proof: Simply notice that the restriction maps in cohomology commute:
ExtA(m)(F2,F2)
restr
//
restr

ExtE(m)(F2,F2)
restr

ExtA(i)(F2,F2)
restr
// ExtE(i)(F2,F2).
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We will prove the conjecture by induction, in a manner that might be para-
phrased as follows: Assume that the conjecture “works for vn−1,” then prove that
it must also “work for vn.”
To begin, we assume that v2
n+1
n−1 is defined and nonzero in ExtA(2n−1)(F2,F2).
As a (quite relevant) aside, we could actually assume as a “base case” that v2
n
n−1 is
nonzero in ExtA(2n−2)(F2,F2), which is isomorphic to the E
0,∗,∗
1 -term of the Davis-
Mahowald spectral sequence for ExtA(2n−1)(F2,F2). Because ExtA(2n−1)(F2,F2) is
isomorphic to ExtA(F2,F2) in this range, this class must be killed in the Davis-
Mahowald spectral sequence, and the only possible differential is
dDM1 (v
2n
n−1) = v
2n
n−1h2n−1. By the work of Rognes ([11]), the cocommutativity of
each A(r) implies that the Davis-Mahowald spectral sequence is multiplicative, so
d1(v
2n+1
n−1 ) = 0, since v
2n
n−1 is a cycle. Note that the bottom cell of R
2(2n− 1) is in di-
mension 22n+1, too high to be the target of a dDM2 . Since the higher R
σ(2n− 1)s are
even more highly connected, we conclude that v2
n
n−1 is nonzero in ExtA(2n−2)(F2,F2)
actually implies that v2
n+1
n−1 is nonzero in ExtA(2n−1)(F2,F2). In any case, we will
assume that v2
n+1
n−1 lives where we want it to.
Next, we use the class v2
n+1
n−1 ∈ ExtA(2n−1)(F2,F2) to construct a nonzero product
v2
n+1
n−1 h2n+1 ∈ ExtA(2n)(R
1(2n+ 1),F2), the E1-term of the Davis-Mahowald spec-
tral sequence converging to ExtA(2n+1)(F2,F2). In this range
ExtA(2n+1)(F2,F2) is isomorphic to ExtA(F2,F2), so we can use a classical May
spectral sequence argument to show that v2
n+1
n−1 h2n+1 cannot live there.
We will conclude that there must be a Davis-Mahowald spectral sequence class
x ∈ E0,∗,∗1 = ExtA(2n)(F2,F2) such that d
DM
1 (x) = v
2n+1
n−1 h2n+1. We then use the
multiplicativity of the spectral sequence to rule out all other possibilities and con-
clude that this class x must in fact be the desired v2
n+1
n ∈ ExtA(2n)(F2,F2).
To continue the proof from this base case, we will use the inductive hypoth-
esis that v2
n+1+k
n−1 is nonzero in ExtA(2n−1+k)(F2,F2) to produce a nonzero class
corresponding to v2
n+1+k
n−1 h2n+1+k in the E1-term of the Davis-Mahowald spectral
sequence for ExtA(2n+1+k)(F2,F2) that must be killed by a differential – otherwise
it would persist to ExtA(F2,F2). We then show that the only way that this class
can be killed in the Davis-Mahowald spectral sequence is if v2
n+1+k
n is nonzero in
ExtA(2n+k)(F2,F2).
4. An Example
Given the complexity of the notation, it’s best to work through an “early” exam-
ple before dealing with the details of the proof of the general case. Here we detail
the step from “the conjecture is true for appropriate powers of v1” to “it must be
true for the appropriate powers of v2.”
Note that no power of v1 can be nonzero in ExtA(F2,F2): Such a class would
be above the “Adams edge,” so there would be no possible targets for differentials
on it in the classical Adams spectral sequence, yielding a nonzero nonnilpotent
homotopy class in violation of Nishida’s Theorem on the nilpotence of the stable
homotopy ring of the sphere, per [1] and [8].
First, we observe that the conjecture holds for all appropriate powers of v1,
by using well known calculations in the May spectral sequence. Note that v21 is
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represented in the May spectral sequence by the class b2,0, where we use the more
modern notation from [10].
This is as good a place as any to address concerns about whether we can identify
these classes in a precise way in both the May and Davis-Mahowald spectral se-
quences. For arbitrarily chosen classes in ExtA(k)(F2,F2), there might be ambiguity
in how one would choose representatives in these two spectral sequences. For the
particular classes we work with in this example (and in the proof of the general
case), we can resolve this issue easily. First, we note that hk ∈ ExtA(k)(F2,F2)
shows up in the Davis-Mahowald spectral sequence in the σ = 1 filtration, given by
the class dual to ζ2
k+1
1 ∈ R
1(k), which has an obvious counterpart in the May filtra-
tion of the cobar complex. For the “smaller” hjs in ExtA(k)(F2,F2), they show up
in the Davis-Mahowald spectral sequence in filtration 0 (alias ExtA(k−1)(F2,F2)), so
a simple induction “back to” the H∗(A(j)) case does the trick. The compatibility
of the spectral sequence representatives for the vkj s for j < n is even easier to see:
First, note that the “last case” v2
n+1
n ∈ H
∗A(n) is easily resolved by the fact that
there is only one May spectral sequence generator in that bidegree, namely b2
n
n−1,0.
For the lower cases, the May filtration on A(n) is compatible with the inclusion
E(n) →֒ A(n), and the classes vkj ∈ H
∗A(n) are actually defined in terms of the
resulting restriction homomorphism.
Computations of Tangora, following May, in [14] show that
dMay2 (b2,0) = b1,1h1 + b1,0h2 = h
3
1 + h
2
0h2.
This differential is propagated by Nakamura’s squaring operations [9] (using the
“dual” versions Sqi as in [2]). In particular, we will use the simplest case of these
operations: dMay2r (Sq0(x)) = Sq1(d
May
r (x)), so the potential indeterminacy in the
squaring operations is not an issue.
We conclude that
dMay4 (b
2
2,0) = d
May
4 (Sq0b2,0)
= Sq1(h
3
1 + h
2
0h2)
= Sq1h
2
1Sq0h1 + Sq1h
2
1Sq0h1 + Sq1h
2
0Sq0h2 + Sq0h
2
0Sq1h2
(by the Cartan formula)
= h41h1 + h
4
0h3 = h
4
0h3 (since Sq1x
2 = 0).
We continue this process, to obtain
dMay2n (b
2n−1
2,0 ) = h
2n
0 hn+1.
Tangora notes that in the range of his calculations, this May differential is necessary
to truncate the h0-tower on hn+1 in ExtA(F2,F2) at the desired height.
In fact, Tangora’s reasoning can be used to see that v2
3+k
1 “lives” as expected in
ExtA(1)(F2,F2) through ExtA(3+k)(F2,F2), meaning that the class is defined and
nonzero in the cohomology of those A(i)s. Precisely, if v2
3+k
1 is not a nonzero class
in ExtA(3+k)(F2,F2), then there is no possible differential in the Davis-Mahowald
spectral sequence that can kill the class h2
3+k
0 h4+k ∈ E
0,∗,∗
1 . But if h
23+k
0 h4+k per-
sists to a class in ExtA(4+k)(F2,F2), it must also show up as a nonzero class in
ExtA(F2,F2), by the Adams Approximation Theorem, contradicting the family of
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May differentials starting with Tangora’s computation. An appropriate version of
this reasoning is at the heart of the proof of the higher cases of the conjecture.
We will now show that the conjecture holding for all the appropriate powers of
v1 implies that v
23+k
2 must be nonzero in ExtA(4+k)(F2,F2) for all k ≥ 0. The first
nontrivial case is the following:
v81 ∈ ExtA(3)(F2,F2) implies v
8
2 ∈ ExtA(4)(F2,F2).
We first show that v81 ∈ ExtA(3)(F2,F2) implies v
8
1h5 is nonzero in the E1-term
for ExtA(5)(F2,F2). To see why, observe that the Davis-Mahowald spectral sequence
for ExtA(5)(F2,F2) has
Eσ,s,t1 = Ext
s−σ,t
A(4) ((R
σ(5))∗,F2),
for all σ ≥ 0. We note that E0,∗,∗1 is just Ext
∗,∗
A(4)(F2,F2), and the class
h5 ∈ ExtA(5)(F2,F2) is given by the bottom cell ofR
1(5), via the map Σ32F2 → R
1(5).
We also note that R1(5) is isomorphic to Σ32A(4)//A(3) as A(4)∗-comodules,
through dimension 62, which can see easily by comparing the cell diagrams. More
precisely, recall that for E5 = E(ζ
32
1 , ζ
16
2 , . . . , ζ6), we have the following long exact
sequence of A(5)-comodules, analogous to the Koszul resolution:
0→ F2 → E5 ⊗R
0(5)→ E5 ⊗R
1(5)→ E5 ⊗R
2(5) · · ·
where R2(5) begins in dimension 64. Thus we have an A(5)-comodule isomorphism
through degree 63 from F2{ξ
32
1 , . . . , ξ6} ⊂ E5 = E5 ⊗R
0(5) to
F2{x32, x48, x56, x60, x62, x63} ⊂ E5 ⊗R
1(5). So we know that
ExtA(4)(R
1(5),F2) ∼= ExtA(3)(F2,F2) in this range, and we must have a nonzero
class v81h5 corresponding to “Σ
32v81” ∈ ExtA(4)(R
1(5),F2).
We can easily observe that our class v81h5 cannot persist through the Davis-
Mahowald spectral sequence be a nonzero class in ExtA(5)(F2,F2) (and hence ExtA(F2,F2))
by looking at the “next” family of May spectral sequence differentials, starting with
b3,0 corresponding to v
2
2 :
dMay2 (b3,0) = b2,1h1 + b2,0h3.
But dMay2 b2,1 = h
3
2 + h
2
1h3, so it follows that b2,1h1 = 0 + h3h3. Thus our May dif-
ferential on v22 should be read as d
May
2 (b3,0) = y + b2,0h3, where y is a class that
will be dead in the May spectral sequence by E3. So applying the Nakamura Sq0
twice we obtain
dMay8 (b
4
3,0) = b
4
2,0h5,
which shows that v81h5 cannot be a nonzero class in ExtA(F2,F2), as we hoped.
A quick check of the dimensions of the modules Rσ(5) and the trajectories of the
differentials in the Davis-Mahowald spectral sequence shows that the only possible
way to “kill” the class v81h5 ∈ ExtA(4)(R
1(5),F2) is to have a class
x ∈ E0,8,561 = ExtA(4)(F2,F2) which could bear a d1. We hope that the only candi-
date for such a class would be v82 , IF we knew that it persisted to ExtA(4)(F2,F2).
We can easily observe that v81h5 cannot be a nonzero class in ExtA(F2,F2), by
looking at the “next” family of May spectral sequence differentials, starting with
b3,0 corresponding to v
2
2 :
dMay2 (b3,0) = b2,1h1 + b2,0h3.
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But dMay2 b2,1 = h
3
2 + h
2
1h3, so it follows that b2,1h1 = 0 + h3h3. Thus our May dif-
ferential on v22 should be read as d
May
2 (b3,0) = y + b2,0h3, where y is a class that
will be dead in the May spectral sequence by E3. So applying the Nakamura Sq0
twice we obtain
dMay8 (b
4
3,0) = b
4
2,0h5,
which shows that v81h5 cannot be a nonzero class in ExtA(F2,F2), as we hoped.
So we know that there must exist a class x ∈ Ext8,56
A(4)(F2,F2) = E
0,8,56
1 such
that dDM1 (x) = v
8
1h5. We need to show that this class x is exactly the desired
v82 ∈ ExtA(4)(F2,F2). First, we recall from the construction that the Davis-Mahowald
spectral sequence is multiplicative, since A(k) is a cocommutative Hopf algebra.
(See [11] for details.) Next, note that v81h5 bears an h0-tower in ExtA(4)(R
1(5),F2),
so whatever classes and differentials are involved in killing it in the Davis-Mahowald
spectral sequence must also account for the entire h0-tower. Recall that for an A-
module B, h0-towers in ExtB(F2,F2) are in one-to-one correspondence with the
Q0-homology H(A//B;Q0), as detailed in [4]. In particular, since
(A//A(4))∗ ∼= F2[ξ
32
1 , ξ
16
2 , ξ
8
3 , ξ
4
4 , ξ
2
5 , ξ6, ξ7, . . . ],
we see thatH((A//A(4))∗;Q0) is spanned as an F2-vector space by χSq(32i, 16j, 8k, 4l),
in dimensions 32i + 48j + 56k + 60l, for i, j, k, l ≥ 0. So there’s a unique tower in
ExtA(4)(F2,F2) in t− s = 48. Note that the restriction homomorphism
restr : ExtA(4)(F2,F2)→ ExtE(4)(F2,F2) sends the elements in this tower to
hm0 v
8
2 ∈ ExtE(4)(F2,F2) for some m (and all its h0-multiples). This does not show
that v82 itself is present in ExtA(4)(F2,F2), but h
k
0v
8
2 and all its h0-multiples must
be nonzero for some (possibly large) k.
We might worry that the class we’ve detected, x ∈ ExtA(4)(F2,F2), could be h0-
torsion, but that the Davis-Mahowald spectral sequence d1-differentials might still
wipe out the whole tower on v81h5 in the manner given by the following diagram:
v81h5
x
h
k−1
0 x
hk0v
8
2
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However, the multiplicativity in the Davis-Mahowald spectral sequence prohibits
this: If x is h0-torsion and d1(x) = v
8
1h5, then
0 = d1(h
L
0 x) = h
L
0 v
8
1h5 6= 0,
for some large L. We conclude that the class x we detected in Ext8,56
A(4)(F2,F2) must
be exactly v82 , as we hoped.
This process can be continued to show that v161 ∈ ExtA(4)(F2,F2) implies
v162 ∈ ExtA(5)(F2,F2). The argument is now easy to see: First, we observe that
R1(6) ∼= Σ64A(5)//A(4) as A(5)∗-comudules in the relevant range of dimensions, so
v161 h6 must be a nonzero class in ExtA(5)(R
1(6),F2), which contributes via the
Davis-Mahowald spectral sequence to ExtA(6)(F2,F2). If this class survives the
Davis-Mahowald spectral sequence, it must also live in ExtA(F2,F2), by the Adams
Approximation Theorem. We use the May spectral sequence differential
dMay16 (b
8
3,0) = b
8
2,0h6 to see that v
16
1 h6 cannot persist to ExtA(F2,F2). The only way
to kill v161 h6 in the Davis-Mahowald spectral sequence for ExtA(6)(F2,F2) is for
some class x to be nonzero in E0,16,1121
∼= ExtA(5)(F2,F2), thus providing the source
for the dDMSS1 differential to kill v
16
1 h6. We see that x must indeed be exactly v
16
2
using the multiplicativity of the spectral sequence, by examining the Q0-homology
of A//A(5) and seeing that there is only one h0-tower in Ext
t−s=96
A(5) (F2,F2), corre-
sponding to hk0v
16
2 .
The other powers of v2 are shown to live in the appropriate Exts similarly.
5. Proof of the General Case
We prove that there is a nonzero class
v2
n+1+k
n ∈ ExtA(2n+k)(F2,F2),
by using induction on n. We assume inductively that there is a nonzero element
v2
n+1+k
n−1 ∈ ExtA(2n−1+k)(F2,F2).
We look closely at the Davis-Mahowald spectral sequence for ExtA(2n+1+k)(F2,F2),
focusing particularly on E1,∗,∗1
∼= ExtA(2n+k)(R
1(2n+ 1 + k),F2). The class
h2n+1+k ∈ ExtA(2n+1+k)(F2,F2) is detected in the E
1,∗,∗
1 -term by the bottom cell
of R1(2n+ 1 + k). More precisely, h2n+1+k is given by applying ExtA(2n+k)(− ,F2)
to the homomorphism Σ2
2n+1+k
F2 → R
1(2n+ 1 + k). We know that
R1(2n+ 1 + k) ∼= Σ2
2n+1+k
A(2n+ k)//A(2n− 1 + k) asA(2n+ k)∗-comodules through
dimension 22n+2+k − 2, by examining the cell diagrams or by the following argu-
ment: Observe, as in the example, that for Er = E(ζ
2r
1 , ζ
2r−1
2 , . . . , ζr+1), we have
the following long exact sequence of A(r)-comodules, analogous to the Koszul res-
olution:
0→ F2 → Er ⊗R
0(r)→ Er ⊗R
1(r)→ Er ⊗R
2(r) · · ·
where R2(r) begins in dimension 2r+1. Thus we have an A(r)-comodule isomor-
phism through degree 2r+1 − 1 from F2{ξ
2r
1 , . . . , ξ2r+1−1} ⊂ Er = Er ⊗R
0(r) to
F2{x2r , . . . , x2r+1−1} ⊂ Er ⊗ R
1(r).
We conclude, then, that v2
n+1+k
n−1 h2n+1+k is nonzero in the E1-term of the Davis-
Mahowald spectral sequence forH∗A(2n+ 1+ k). If this class survived the spectral
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sequence to the cohomology of A(2n+1+k), then the Adams Approximation The-
orem tells us that it would be a nonzero class in ExtA(F2,F2). But in the May
spectral sequence for the cohomology of A, we have the family of differentials start-
ing with dMay2 (bn+1,0) = bn,1h1 + bn,0hn+1. We observe that
dMay2 (bn,1) = bn−1,2h2 + bn−1,1hn+1 and d
May
2 (bn,1h1) = 0 + bn−2,1h1hn+1, so the
“extra” class in the d2 on bn+1,0 is dead by the E3-term. We propagate this differ-
ential using Nakamura’s squaring operations to obtain
dMay
2n+k
(b2
n
n+1,0) = v
2n+1+k
n−1 h2n+1+k.
So the class v2
n+1+k
n−1 h2n+1+k cannot survive to ExtA(F2,F2) (and hence, to
ExtA(2n+k+1)(F2,F2),), and there must exist a class x ∈ ExtA(2n+k)(F2,F2) ∼= E
0,∗,∗
1
such that dDM1 (x) = v
2n+1+k
n−1 h2n+1+k.
We show that the class xmust be exactly v2
n+1+k
n by examining the Q0-homology
of (A//A(2n+ k))∗ ∼= F2[ξ
2n+1+k
1 , ξ
2n+k
2 , . . . ] and observing the presence of a unique
class in dimension 2n+k × 3, which must map under the restriction homomorphism
to the class v2
n+1+k
n ∈ ExtE(2n+k)(F2,F2). Thus ExtA(2n+k)(F2,F2) contains an h0-
tower starting at some h0 multiple of v
2n+1+k
n . As in the n = 2 example above, the
h0-linearity of the Davis-Mahowald differentials demonstrates that the class x must
be exactly v2
n+1+k
n , as we wished.
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